The average annual rain attenuation statistics experienced by individual microwave links are well understood. ITU-R models exist for the prediction of these statistics and they are used to assign power levels to links to achieve the desired availability. The performance of networks such as mulit-hop links or links utilising route, frequency or time diversity, is considerably more complex and only superficial guidance is available for their design. The complexity arises from the correlation of rain attenuation experienced by the various individual links in the network. To understand and predict the performance of these networks it is necessary to understand the spatial and temporal correlation of rain intensity.
Introduction
Currently, the ITU-R provides Rec. ITU-R P.530-8 for calculating the average annual, one minute averaged, rain fade distribution, experienced by a terrestrial link. The prediction method refers to Rec. ITU-R P.837-2 for calculating the average annual, one minute averaged, rain rate distribution and to Rec. ITU-R P.838 for the specific attenuation -rain rate relationship. Rec. ITU-R P.530-8 also provides some guidance for extending these models for the performance of a simple link to predict the performance of more complex links such as multi-hop links and links utilising diversity.
When a point in a network requires high availability, it is often more spectrum efficient to install multiple links to that point rather than using higher transmit power on a single connection. The simplest case of diversity is a point connected to a network by two independent links. These links may operate at different frequencies and polarisations. In the case of route diversity, the links connect to two different points in the network and so operate along different paths. This scenario is parameterised by the length, frequency and polarisation of each link and the azimuth angle between the two links where they converge at the point being serviced and the integration time of fade measurements. The availability is increased as when one link has failed due to rain attenuation the other may still be operational. The increase in availability is quantified using the diversity improvement factor, see Equation 14. The higher the correlation of rain attenuation on the two links, the lower the gain from using diversity, as the failure of one link becomes an increasingly better predictor of the failure of the other link. This correlation is determined by the geometry of the link system and the spatial-temporal statistics of rain intensity. Paulson [2001] has proposed a model for the high-resolution, spatial and temporal variation of rain intensity. The model assumes that log rain rate, while raining, is a homogeneous Gaussian random field with a spectral density function that follows a specific, power-law form. The spatial-temporal spectral density was derived from a radar study of a wide-spread and intense stratiform event observed over the Southern UK and from fast response rain-gauge records spanning two years. Log rain rate was found to be self-similar and mono-fractal over all spatial and temporal scales measured. The temporal scales investigated covered 10 s to 1 day while the spatial scales ranged from 300 m to 56 Km. These observations are consistent with theoretical models of rain as a passive tracer in a turbulent, two dimensional flow, Kraichnan and Montgomery [1980] and Lovejoy and Schertzer [1992] , but simpler than the multi-fractal models of Veneziano et al [1996] and Crane and Horng-Chung Shieh [1989] . Although these models have been derived from individual events, Paulson and Gibbins [2000] have verified that a mono-fractal model of point rain rate variation successfully predicts the average annual point rain duration distribution. Furthermore, Paulson [2001] shows that the multi-dimensional, mono-fractal model can predict the temporal spectral density of link rain attenuation.
In this paper, the rain rate variation model of Paulson is applied to the prediction of the diversity improvement factor when two radial links are employed in route diverse mode. The rain variation model is only applicable within individual rain events and contains no information on the size or shape of rain events. Therefore, the model developed in Sections 3 and 4 only describes situations where the whole link system is covered by a rain event and this is shown to lead to a lower bound on the diversity improvement factor. In Section 5 the diversity improvement factors for a range of geometries, predicted from the rain variation model are compared to simulations based on a large database of radar images.
A Model For Rain Rate Variation
Paulson [2001] proposed that the rain rate near the ground, within rain events, could be modelled as a stochastic process. In particular, it was proposed that log rain rate, where raining, could be modelled as an isotropic, homogeneous, Gaussian, random field. Such random fields are completely characterised by the mean and variance of the marginal distribution, and the autocovariance or spectral density function.
Let X(t) be the log rain rate random field where t is a vector of all or some of the variables {x,y,t} describing position on a horizontal plain close to ground level and time respectively. The real, scalar random field X is a collection of random variables associated with the coordinates t. As X is assumed to be homogeneous and Gaussian, the random variable associated with each point is a sample from a the same Normal distribution and so completely parameterised by the mean and variance:
is the expected value. The autocovariance function of X describes the relationship between values of the random field at two coordinates t 1 and t 2 :
As X is assumed to be homogeneous, the autocovariance depends only upon the lag 2 1 t t τ ϑ Ζ . For isotropic, homogeneous random fields the autocovariance is a scalar function of lag magnitude only:
The spectral density function, Ε Φ ω S , of the ndimensional random field is related to the autocovariance by the Wiener-Khinchine relations:
where integrals over vector parameters are understood to be multidimensional. Note
Paulson proposed that the spectral density function of a n-dimensional (n-D) log rain rate random field has of the following form:
where ∂ ∂ ∂ ∂ is a vector of 1,2 or 3 of the co-ordinates
is the frequency below which the spectrum must flatten for the power to be finite and K is a normalising constant to ensure
. When both time and space coordinates are present, a weighted Euclidian norm was proposed:
, is the n-D inverse Fourier transform of this function (Eqt. 1a).
A Model For Rain Attenuation Variation
Where the rain rate random field, R, is well approximated as homogeneous and isotropic then so may the associated random fields of log rain rate, X, specific attenuation,=ƒ, and log specific attenuation δ. For a specific frequency and polarisation, Rec. ITU-R 838 provides a power law relationship between rain rate and specific attenuation:
Therefore, if rain rate is a lognormal random field then so is specific attenuation. The autocovariance of the lognormal fields R and ƒ may be written:
are the mean, variance and autocovariance of log rain rate respectively. Knowledge of the spatial-temporal statistics of the specific attenuation random field allow the calculation of the temporal statistics of rain attenuation. The rain attenuation, as a function of time, experienced by a radio link along a path L 1 may be approximated by the path integral of specific attenuation:
where Ε Φ 1 l x is the position a distance 1 l along the link. The mean rain attenuation, during periods when the rain spans the entire link is:
(dB)
The temporal autocovariance of rain attenuation on this link can be written in terms of the autocovariance of the specific attenuation:
If the cross-covariance of the rain attenuation on two links using different frequencies or polarisations is required, then the different specific attenuation functions need to be taken into account and Eqt. 8 becomes:
where:
Link rain attennuation is frequently reported as having a lognormal distribution, e.g. Lin [1973] and Galante [1975] . Assuming that log rain attenuation, while raining, is a Gaussian process, the first and second order statistics completely define joint attenuation statistics.
Diversity Improvement
Often, to achieve the desired availability, two or more links are operated concurrently, carrying the same data. Improved availability is gained in situations when the original link suffers fading beyond its margin yet one or more of the other links is still operational. The diversity improvement factor is defined in Rec. ITU-R P.530-8 as: DI = P o /P d , where P o is the probability of outage in the original link and P d is the probability of outage using the diverse network. If the original link, Link 1, operates until the attenuation A 1 is greater than T 1 then
Using the same notation for a two-link system, the diversity improvement can be written:
For link systems suffiently compact to be influenced by the same rain event, the link rain attenuations, while raining, may be assumed to be joint, lognormal, stochastic processes with means, variances and covariances given by equations 7, 8 and 9 respectively (using
). The associated log rain attenuation processes Y i (t) are Gaussian with means and variances: The joint marginal distribution of log rain attenuations is therefore multivariate Gaussian with joint probability density function (pdf):
where Y is the vector of means and ι is the covariance matrix 
Comparison with Radar Data
The Chilbolton Radar Dataset, CRD, is the result of an effort to collect a set of radar images that form a representative sample of the rain events experienced by an area in the Southern UK. The Chilbolton Advanced Meteorological Radar, CAMRa, is a 25 m steerable antenna equipped with a 3 GHz, Doppler-Polarisation radar, located in Hampshire, in the south of England, at latitude 51 o 9' North, longitude 1 o 26' West. The climate is temperate maritime with an average annual rain rate exceeded 0.01% of the time of approximately 22.5 mm/hr. For a two-year period the radar was operated on a 28 day cycle. During the first 10 days of each cycle, an area to the south of the radar, spanning 50 o azimuth, was scanned every 10 minutes to produce a PPI image of radar reflectivity. When rain was detected, the radar reflectivities were converted to rain rates and a disk shaped section of the image was resampled to a 360 o polar grid with 1 o angular resolution and 100m radial resolution out to 9km. The CRD contains 3199 such images and is predominately used for angular diversity studies, see Goddard and Thurai 1996 . Figure 1 illustrates the distribution of the 3199x360x90 rain rate measurements in the dataset and the weighted best fit log Normal distribution. Rain rates below 1 mm/hr are unreliable due to noise and so the Normal distribution was fitted to the distribution above this yielding mean and variance of log rain rate as
This mean is lower than that reported by Gibbins and Paulson [2000] due to the spatial averaging introduced by the radar. These climatic parameters, combined with the log rain rate spectral density model, Equation 2, completely determine the model of the specific attenuation random field, where raining, and hence the rain attenuation statistics on link networks. Using a 100m sampling interval and taking the digital inverse Fourier transform of the one dimensional, spatial, spectral density model, Eqt. 2, yields the spatial autocovariance of log rain rate. Figure 2 illustrates the spatial autocovariance functions of log rain rate and specific attenuation for 38GHz, vertically polarised radiation (Equation 5). Away from the origin the autocovariances are exponential, consistent with the findings of Rosenblatt [1962] . Using equations 7, 8, 9 and 12, the mean, variance and covariance of log rain attenuation may be calculated for attenuation paths entirely within the rain event. These parameters completely determine the probability distribution of rain attenuation, while raining: Figure 3 compares the rain fade exceedance functions predicted by this model with those calculated by simulating all attenuation paths in the CRD, for 38 GHz, vertically polarised links with lengths increasing in 1 Km steps from 1 Km to 9 Km. The rain model predicts rain attenuation distributions well for all link lengths, down to probabilities where the simulation results become uncertain due to the small numbers of relevant samples. The discrepancies at low attenuations are due to areas without rain in the radar database. As links become longer they are less likely to be completely covered by a rain event and so the rain model prediction becomes less accurate.
Once the means and covariances of log rain attenuation while raining have been calculated, Equation 14 may be used to calculate diversity improvement for the link configuration of interest. As an example, we will consider pairs of radial, 38 GHz, vertically polarised links. It is assumed that the fade margin on both links has been set to the 99.99% availability level. The integration time of the attenuation measurements is assumed to be consistent with the spatial averaging of the radar rain rate measurements. The remaining parameters are the length of each link and the azimuth angle between the links. Figures 4, 5 and 6 compare the diversity improvement factor calculated using the rain model with that calculated from the CRD. The CRD diversity improvement factors contain errors as both links suffer fades greater than the fade margin in only a few tens of the total number of simulated link positions. However, clear trends can be observed. The rain model predictions of diversity improvement are best for short links and link systems with small angular separation, as these systems are most likely to be covered by a single rain event. For long links and large angular separation, a significant proportion of rain events only partially cover the link system. The scenario is not covered by the rain model and may lead to outage on one link and hence increased diversity improvement. Where the link network has a diameter greater than 10 km, the predictions of the rain model should be taken as lower bounds.
Conclusions
A monofractal model for the variation of rain rate in time and space is extended to predict the temporal statistics of rain attenuation experienced by microwave links. The model allows the prediction of the temporal spectral density of link rain-attenuation. Furthermore, the covariance of link rain attenuation may be calculated for arbitrary geomerties, as long as the link system is entirely covered by a rain event. The predicted first and second order statistics of link rain attenuation are used to calculate joint rain attenuation pdf's and hence to estimate diversity improvement factors. The method proposed has many advantages over other methods of predicting diversity improvement. As the method is based on the more fundamental statistics of rain rate variation, it is more readily adaptable to the large number of parameters describing link networks, particularly the geometry. The method makes explicit the dependence of diversity improvement factors on the integration time of attenuation measurements and is adaptable to them. Further work will attempt to incorporate the boundaries of rain events and areas of no rain into the model.
